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NOTES ON EXISTENTIALLY CLOSED HEYTING ALGEBRAS
In these notes, we examine existentially closed (e.c.) Heyting algebras. In the
first section, we study issues related to the axiomatization of the theory T ∗ of e.c.
Heyting algebras. In the second section, we study the countable atomless Boolean
algebra definable in the prime model of T ∗. In the last section, we look at the
automorphism group of the prime model.
Following Darnière and Junker [2], we follow the formalism of co-Heyting algebras
in the first two sections; we use the familiar language of Heyting algebras in the
remainder.
Preliminaries. Let T be the theory of co-Heyting algebras, or cHAs for short.
This is a theory in the language of lattices expanded by a binary function symbol
−, where x − y is the supremum of elements z for which y ∨ z ≥ x, which always
exists in a co-Heyting algebra. The model completion T ∗ of T exists; it is the theory
of the Fraïssé limit L of finite nontrivial co-Heyting algebras, which exists [3]. The
following is a model-theoretic argument that L is e.c.:
Proof. Consider a quantifier-free formula φ0(x, y) and a tuple a ∈ L. Note that
〈a〉L is finite by the construction of L, so there is a quantifier-free formula ψ(y)
such that for any cHA L′′ and b ∈ L, we have
L′′ |= ψ(b) ⇐⇒ 〈b〉L′′ ∼= 〈a〉L.
Now suppose that there is L′ ⊃ L such that L′ |= ∃xφ0(x, a). This implies the
formula
(1) ∃x ∃y[φ0(x, y) ∧ ψ(y)]
is satisfiable over T . By the extended form of the finite model property for T that
works for equations as well as inequations [1], there is a finite cHA L0 satisfying
(1). By construction, wlog L0 ⊆ L. Let ξ, b ∈ L0 be the witness to ∃x, ∃y, resp.
The isomorphism 〈b〉L → 〈a〉L induces another i : L → L by ultrahomogeneity. It
follows that i(ξ) solves the formula φ0(x, a) in L. 
The model completion T ∗ is axiomatized by
(2) T ∪ {U(θ′ → θ) | θ existential}
where U denotes universal closure, and θ′ is a quantifier-free formula such that
T |= U(θ → θ′), and T + U(θ′ → θ) is a conservative extension with respect to
the universal formulas (θ′ is the result of applying the QE algorithm in [3] to θ).
Neither T or T ∗ is locally finite, but L is. However, L is not uniformly locally finite,
so T ∗ is not ℵ0-categorical. T ∗ is not uncountably categorical either because of its
instability. The Fraïssé limit L is the prime model of T ∗. In many cases, the Fraïssé
limit of a class of finite structures is pseudofinite. However, this is not the case for
the complete theory T ∗ + (0 6= 1); there is a sentence φ implied by the theory that
is not satisfied by any finite structure of the same signature. Indeed, take φ to be
the conjunction of D1 (which we will introduce in the next section), 0 6= 1, and∧
T .
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1. Axiomatization
We write y  x iff x ≤ y and x− y = 0. Darnière and Junker [2, Section 4] lists
two axioms D1 and S1 that are satisfied by e.c. co-Heyting algebras:
D1: For every a, c such that c a 6= 0 there exists a nonzero element b such
that:
c b a.
S1: For every a, b1, b2 such that b1∨ b2  a 6= 0 there exists nonzero elements
a1 and a2 such that:
a− a2 = a1 ≥ b1
a− a1 = a2 ≥ b2
a1 ∧ a2 = b1 ∧ b2.
D1 is of the form (2), but S1 is not; in particular, the consequent of D1 does not
imply the antecedent over T . However, consider the following condition:
(AS1′)
(b1 = a and b2 = 0) or (b2 = a and b1 = 0) or (b1 < a and b2 < a and b1∧ b2  a).
The same construction as in [2, Lemma 4.2] shows that AS1′ implies the consequent
of S1 in T ∗. It can also be seen that the consquent of S1 implies AS1′ over T . I
refer to the conditional obtained from S1 by replacing the antecedent with AS1′ as
S1′.
Proposition 1.1. D1 does not imply S1′; a fortiori, it does not axiomatize T ∗.
Proof. It suffices to show that, given a finite cHA L with x, y ∈ L such that x y
and a, b1, b2 ∈ L witnessing the failure of S1′, there is a finite L′ ⊃ L such that
L′ |= ∃z(x z  y), and that a, b1, b2 still witness the failure of S1′. For let L0 be
a cHA as in the hypothesis of the claim; the usual argument gives rise to a chain
L0 ⊂ L1 ⊂ . . . , where Ln+1 is constructed by applying the claim to Ln, the union⋃
n Ln of which will satisfy D1 and the negation of S1′.
In fact, the following construction in [2, Lemma 4.1] works. Let y1, . . . , yr be the
join-irreducible components of y in L. Let I0 be the poset of the join-irreducible
elements of I; let I be the poset obtained from I0 by replacing each yi by the
chain {ηi < yi}. The p-morphism I  I0 that collapses each chain {ηi < yi} to
yi induces a cHA embedding L ↪→ L′, where L′ is the cHA of downsets of I. An
element z ∈ L′ is in (the image of) L if and only if there is 1 ≤ i ≤ r such that ηi ∈ z
and that yi 6∈ z. Suppose that there are a1, a2 ∈ L′ witnessing the consequent of
S1′. By hypothesis, one of them is in L′ \ L; wlog assume a1 is. There is 1 ≤ i ≤ r
such that ηi ∈ a1 and that yi 6∈ a1. By the consequent of S1′, a = a1 ∨ a2 ∈ L.
Since ηi ∈ a1 ∪ a2, we have that yi ∈ a1 ∪ a2. Hence, yi ∈ a2, and thus ηi ∈ a2.
Therefore, ηi ∈ a1 ∩ a2, and yi 6∈ a1 ∩ a2. However, a1 ∧ a2 = b1 ∧ b2 ∈ L, which
leads to a contradiction. 
Lemma 1.2. For a finite cHA L and a, b ∈ L, we have a  b if and only if for
every join-irreducible component b′ of b we have a ∧ b′ < b′.
Proof. Note that to prove quantifier-free formulas one may just treat elements of
a cHA as closed sets in a space. If concepts of higher quantifier complexity (e.g.,
irreducibility) are involved, care must be taken.
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Let (bi)i<k be the join-irreducible components of b. Then
b− a = b ⇐⇒
∨
i
bi − a =
∨
i
bi
⇐⇒
∨
i
(bi − a) =
∨
i
bi identity in cHAs
⇐⇒
∨
i
(bi − a) ≥
∨
i
bi
⇐⇒ ∀i
∨
j
(bj − a) ≥ bi definition of
∨
⇐⇒ ∀i∃j bj − a ≥ bi join-primality of bj
⇐⇒ ∀i bi − a ≥ bi no other j than i can satisfy that
⇐⇒ ∀i bi − (a ∧ bi) ≥ bi
⇐⇒ ∀i (a ∧ bi) < bi by join-primality of bi; see [2]

Proposition 1.3. S1′ does not imply D1.
Proof. We use a similar argument as before. We let L0 be the minimal nontrivial
cHA, and we apply to Ln the construction in [2, Lemma 4.2] to obtain Ln+1. Note
that for n < ω there is no chain consisting of more than one element in the poset
of join-irreducible elements of Ln with the induced order.
We claim that for n < ω there is no nonzero z ∈ Ln such that 0 z  1—that
is, 0 and 1 witness the failure of D1. Indeed, suppose that there is such a z 6= 0.
There exists a join-irreducible component u′ of 1 such that u′ ∧ z 6= 0 since z 6= 0
and by distributivity. Take a join-irreducible component z′ of z ∧ u′. We now have
a nontrivial chain {z′ < u′} of join-irreducible elements. 
2. Definable Countable Atomless Boolean Algebras
Having definable elements in the Fraïssé limit L may be handy to (0-)define
structures in L. However:
Proposition 2.1. There are no definable elements in L besides 0 and 1.
Proof. Note that a ∈ A is definable if and only if there is no other elements in
A of the same quantifier-free type (over 0) as a. Indeed, if a 6= a′ has the same
quantifier-free type, then they have the same (first-order) type, whence neither
of them is definable. On the other hand, if a is the unique element having the
quantifier-free type p(x) of a, then a single, finitary formula that is equivalent to
p defines a; such a formula can be obtained by picking a term for each element in
〈a〉L, which is finite, and writing the multiplication table for 〈a〉L by using those
terms.
It suffices to show that for any finite cHA A and a ∈ A not equal to 0 or 1
there exists another finite cHA B and two embeddings f, g : A ↪→ B such that
f(a) 6= g(a). Indeed, those embeddings give rise to embeddings f¯ , g¯ : A ↪→ L such
that f¯(a) 6= g¯(a) and that f¯(a) and g¯(a) have the same quantifier-free type.
For the said purpose we need a poset I from which there are surjective p-
morphisms φ, ψ : I  I∨(A) such that
(*) φ−1({i ∈ I∨(A) | i ≤ a}) 6= ψ−1({i ∈ I∨(A) | i ≤ a}),
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where I∨(A) is the poset of join-irreducible elements of A. B will be the dual of I.
Indeed, let I := (I∨(A))2, and let φ and ψ be the two distinct projections. Then
we have (∗) iff
{(i, x) | i ≤ a} 6= {(x, i) | i ≤ a},
which is the case if a 6= 0, 1. 
The countable atomless Boolean algebra embeds in L by the weak homogeneity
of L. However:
Proposition 2.2. No substructure of L that is a countable atomless Boolean algebra
is a relativized reduct with parameters.
Proof. We show that for any finite tuple a in L and a countable atomless Boolean
algebra B ⊆ L there are an automorphism σ of L over a and a countable atomless
Boolean algebra B′ ⊆ L such that σ(B) = B′ setwise. (Then the domain of B will
be seen to be undefinable.)
Let C0 ⊆ L be the least finite Boolean algebra that contains 〈a〉L as a sub(-
Heyting)-algebra. Fix C ⊆ L, a finite Boolean algebra containing C0 such that the
interval [0, a] ⊆ C has more than one atom, where a is some atom of C0. Recall
that B is the union of an ω-chain B0 ⊆ B1 ⊆ . . . of finite Boolean algebras. We
construct an ω-chain A0 ⊆ A1 ⊆ . . . of finite Boolean algebras that are subalgebras
of L. We may assume without loss of generality that B0 has a copy of C as a
subalgebra.
Let k < ω be arbitrary. Let Ak be the result of applying Maksimova’s amalga-
mation for the diagram Bk ←↩ C0 ↪→ Bk. More precisely, let Ak be the dual (the
lattice of downsets) of
S = {(φ, ψ) ∈ (I∨(Bk))2 | ∀a ∈ C0 [φ ≤ a↔ ψ ≤ a]}.
Recall that the projections pi1, pi2 : S  I∨(Bk), which are p-morphisms, induce
the embeddings ιi : Bk ↪→ Ak (i = 1, 2). Take a minimal b in (0, a] ∩ I∨(Bk), and
let
K = ι1(b) = pi−11 ({b}) = {b} × {ψ ∈ I∨(Bk) | ψ ≤ a}.
Note that pi2(K) has more than one element1 and that K ∈ Ak. It follows that
K is not in the range of ι2. Hence ι1(Bk) 6= ι2(Bk).
By construction and by the ultrahomogeneity of L, the two images of Bk in Ak
are conjugate under an automorphism of L over a. The images of Bk’s in Ak’s form
two chains; let B and B′ be the unions. Then B and B′ are conjugate under an
automorphism of L over a. 
However:
Proposition 2.3. There is an atomless Boolean algebra which is a relativized reduct
of L.
Proof. The set B of fixed points of 1− (1− ·) in L is a Boolean algebra by setting
a ∧B b = ¬¬(a ∧L b) and the remaining operations of B the restrictions of the
corresponding operations of L. (Note that B is not a substructure of L.)
Suppose that a ∈ B is an atom of B. We show that a is also an atom of L.
To see this, assume the contrary, and let b be such that 0 < b < a, where b 6∈ B.
Since b 6∈ B, we have 1 − (1 − b) 6= b; since 1 − (1 − c) ≤ c for all c ∈ B, we have
1Atoms in C below a may not be atoms in Bk, but Bk has more atoms below a.
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1 − (1 − b) < b. Now 1 − (1 − b) ∈ B and 0 < 1 − (1 − b) (since 1 − b < 1), so we
have 0 < 1− (1− b) < a, contradicting the assumption that a is an atom of B.
We have seen that any atom in B is an atom of L. Since there is no join-
irreducible elements (let alone atoms) in L [3, Proposition 4.28.(iii)], B is atomless.

3. Automorphism Group
Lemma 3.1.
(1) Let f : H → H1 be a Heyting algebra homomorphism between finite alge-
bras. There are finite Boolean algebras B(H) and B(H1) and a Boolean
algebra homomorphism B(f) : B(H) → B(H1). There are interior opera-
tors ◦ , ◦1 on B(H), B(H1) such that B(H)◦ ∼= H and B(H1)◦1 ∼= H1. If f
is injective, so is B(f); if f is surjective, so is B(f).
(2) There is an interior operator ◦ on the countable atomless Boolean algebra
B such that B◦ is isomorphic to the universal ultrahomogeneous countable
Heyting algebra L.
(3) An automorphism L→ L can be extended (as a function between pure sets)
to another B → B. Moreover, there is an embedding Aut(L) ↪→ Aut(B)
that is a homeomorphism onto its image.
Proof.
(1) Let P and P ′ be the dual posets of H and H1, respectively. There is a
p-morphism D(f) : P1 → P that is the dual of f . D(f) is surjective if
f is injective. Let B(H) = P(P ) and B(H1) = P(P1). D(f) induces a
Boolean algebra homomorphism B(f) : B(H) → B(H1). B(f) is injective
if D(f) is surjective. Likewise, B(f) is surjective if f is. Let ◦ , ◦1 be the
operations that take a subset to the maximal up-set (or down-set, depending
on the formulation we are using) contained by that set.
(2) Let (Li)i<ω be a chain of finite Heyting algebras used in the construction of
L; so
⋃
i Li = L. Let Bi = B(Li) and ◦i be an interior operator such that
Bi
◦i ∼= Li. We may take Bi ⊆ Bi+1 for i < ω. Then ◦i+1 extends ◦i . Let
B =
⋃
iBi and ◦ =
⋃ ◦i . Then B◦ = (⋃iBi) ◦ = ⋃iBi◦i = ⋃iHi = H.
It remains to show that B is atomless. Take an arbitrary a ∈ B that is
nonzero. Take i < ω such that a ∈ Bi. Let Pi be the poset dual to Li;
then a is a nonempty subset of Pi. Take some w ∈ a. Let P ′ be the
poset obtained from Pi by replacing w with the 2-chain {w1 < w2}. Let
pi : P ′  Pi be the surjection that maps the chain to {w} and is the identity
elsewhere. This is a p-morphism, and it induces ι : Li ↪→ L′, where L′ is
the dual of P ′. Take k < ω such that there is an embedding ι′ : L′ ↪→ Lk
such that ι′ ◦ ι is the identity on Li. Write L′ for that image of L′. Let
b = (a \ {w}) ∪ {w1}. Then b ∈ Bk = B(Lk) ⊆ B and 0 < b < a.
(3) Let f : L→ L be an automorphism. Let fk : Lk → L′k be the restriction of
f to Lk where L′k = f(Lk). Each fk is an automorphism. By the fact above,
fk induces a Boolean algebra automorphism B(fk) : B(Lk) → B(L′k) for
each k < ω; and by construction B(fj) extends B(fk) for each k < j < ω.
Let fˆ =
⋃
k B(fk). Then fˆ is an isomorphism B → B.
Let g : L→ L be another automorphism. We need to show fˆ ◦gˆ = (f ◦g)ˆ.
Let a ∈ B be arbitrary. It suffices to show that fˆ(gˆ(a)) = (f ◦ g)ˆ(a). Take
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i < ω such that g(a), a ∈ Bi = B(Li). Then (f ◦g)ˆ(a) = B((f ◦g)|Lk)(a) =
B(fk)(B(gk)(a)) = fˆ(gˆ(a)).
Let ι : Aut(L) → Aut(B) be the map f 7→ fˆ . The map ι is a group
homomorphism as seen above, and it is clearly injective.
Next, we show that ι is continuous. Let b¯ be a tuple in B. It suffices to
show that for an automorphism f : L→ L the value of fˆ(b¯) is determined
by the value of f(a¯) for a tuple a¯ in L. There exists k < ω such that b¯ is in
Bk = B(Lk). Let fk : Lk → L′k be an automorphism that is a restriction
of f . Then fˆ(b¯) = B(fk)(b¯). Let a¯ be an enumeration of the finite algebra
Lk; then a¯ is what we needed.
Finally, we show that the image ι(U) is open in ran ι ⊆ Aut(B) for an
arbitrary basic open set U of Aut(L). Indeed, let U be the set of f : L→ L
fixing the values of f at a¯ ∈ L; then gˆ ∈ ι(U) in and only if gˆ  B0 = fˆ  B0
for g : L→ L, where B0 is the Boolean subalgebra of B generated by a¯. 
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